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ABSTRACT.We consider a nonlinear finite volume (FV) method for stationary diffusiaatén.
We prove that the method is monotone, i.e. it preserves positivity of amdlytitions on
arbitrary triangular meshes for strongly anisotropic and heterogendolisensor coefficients.
The method is extended to regular star-shaped polygonal meshescargic heterogeneous
coefficients. The method has been developed in collaboration with K. diprivk Shashkov
and Y. Vassilevski and is based on ideas proposed by C. Le Potier.
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1. Presentation of the scheme

Let ©Q be a two-dimensional polygonal domdnhwith boundaryl’ = 'y U T'p.
We consider a diffusion problem for unknown

—divKVu = f in Q
u = gp on Ip (1]
ng% = gnN on I'y
whereK = K > 0 is the diffusion tensorf is the source function, and is the
exterior normal vector.

We assume that the tendHris constant inside each cell. Lgt= — KV« denote
the diffusion flux which satisfies the mass balance equation:

dvg=f in Q. [2]

Let 7 be a conformal partition composed & cellsT'. Integrating mass balance
equation [2] over a cell” and using the Green formula we get:

/ q~nds:/fd:r7 VT eT, [3]
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wheren denotes the outer unit normal &3". Let e denote an edge of trianglé and
n. be the corresponding outward normal vector. Hereafterjlito® convenient to
assume that.| = |e| where|e| denotes the length of edge Equation [3] becomes

qu-ne:/dex, VT €T, [4]

ecoT

whereq. is the average flux density for edge

1
qe = f/qu-
lel Je

The FV schemes differ by approximations for the flugesin this method we use
a two-point flux approximation. For each c&l we assign one degree of freeddm
for unknown functionu. Let U be the vector of discrete unknowns. The two-point
flux approximation uses only two degrees of freedém andUr_ corresponding to
cellsT, andT_ that share the edge For simplicity we shall writel/ instead of
Ur, . The general form for the two-point flux is as follows:

q'ne=ATUL - AU,

where AT and A are coefficients which will be defined in the next section. Siub
tuting discrete approximatiog” for q. in [4], we obtain a system oW, equations
with N7 unknownsUr.

1.1. Triangular meshes

We consider a nonlinear two-point flux approximation whegefficientsA} and
A_ depend on concentration. We begin with the physical meaafrdjscrete un-
knowns. The discrete concentratibir approximates the unknown continuous func-
tion u at a pointxy inside trianglel’. We shall refer to this point as tte®llocation
point Denoting the vertices of this triangle oy, v, andvs, we define the collocation
point as follows:

Inq |k

3
X7 = Vi, Ai = [5]
2 5

3 )
=1 Mag)|x

where|n|x = (Kn - n)'/2? is the length of vecton in metric K induced by the
diffusion tensor in triangld” and « (i) denotes the edge opposite to veriex The
reason for such a choice of coordinatewill be explained later.

Let us consider an interior mesh edgeith end pointsv, andvy shared by two
triangles?; and7_. Let K, andK_ be the values of diffusion tensor in triangles
T, andT_, respectively. For simplicity we assume tfiaf = K_ = K. The case
Ky # K_ is considered in [LIP 07]. Similarly, we denote the collaoatpoints for



these triangles by, andx_ (see Figure 1). We assume that the normal veatas
outward for triangléel’,. .

LetT;, ¢ = 1,2, be the triangle with vertices ., x_, andv;. For triangleT;, we
denote the normal vectors to its edgesdyy, n; andnj; as shown in Figure 1. We
assume again that the length of these vectors equals thi lehthe corresponding
edge, i.e.|ni| = |v; — x4| and|ny/| = |x4 — x_|. In a similar way we define
normalsngE to edges of triangl&%. The following identities hold:

nf +n] +ny =0 and nj +n; —ny =0. [6]

Figure 1. Interior edgee with end pointsv; andv,. The collocation points . and
x_ are marked by solid balls. The triangl#s and7_ are marked by dashed lines.

The Green formula for triangl&; and definition of fluxq yield:

K lqdz = —/ unds. [7]
T T,



Applying the mid-point (second-order) quadrature rulelfoth integrals, we obtain

U +Ut ++U1+U_ 7+U++U_

—1_h
—|T1[K lqe,l = D) ny B n 2

nyy

whereU,, Uy andU_ are the values of concentratiemat pointsvy, x;, andx_,
respectively. Only concentratioig. are our discrete unknowns. The concentration
U, will be eliminated later. Using identity [6], we get

1 - _
qu = MK (Uyny +U-nf = Ui (nf +n7)). [8]

Now we apply the same derivations to trian@leto obtain the second formula for the
flux density:

1 _ _
q', = wK (Upyny +U-_nj — Uz (n] +n3)). 9]

Given two flux density approximations [8] and [9], we seek thoe discrete flux
q” - n, through edge as their linear combination:

ql ne=paly ne+pql,ne, [10]

whereu; andus are positive unknown coefficients. The approximation of tlexsity
yields
pa 4 pe = 1. [11]

Taking ., andps as follows:

_ Ua/| T3]
Ur/|Th| + Uz /| T3]

_ U1/|Th]
Up/ITy| + Us/|To|

and L2

M1 [12]

we obtain the definition of the discrete flux written in thedaling form:

.= AHU)U, — AZ(U)U-, [13]
where
AT U) = H n_-Kne—Fﬁn_-Kne
e( ) 2|T1| 1 2|T2| 2
— M1 + M2 +
A (U) = — n; -Kn, — n, - Kn,. 14
e( ) 2|T1| 1 2|T2‘ 2 [ ]

The coefficientsd andA_ depend on concentratiobs, Us, i.e. flux [13] isnon-
linear. The unknown concentratiori§ andU,; must be approximated using the orig-
inal degrees of freedom, i.e. concentrations at colloogtmints. The total number of



collocation points iVy which leave enough flexibility for accurate approximatidn o
these concentrations. We consider two interpolation nustho

The first interpolation method uses three collocation [godfdsest tos; that form
aimaginary non-degenerate triangleontainingv;. We denote these points L
j = 1,2,3. The linear interpolation over this triangle gives a secordkr approxi-
mation forU; for smooth solutions [LEP 05]:

3
U1 = Z U(XTJ );\J [15]
j=1

WhereS\j,j = 1,2, 3, are the barycentric coordinates of pointin triangleZ". Note
that0 < A; < 1. We found out that this interpolation method is not robust fo
problems with strong anisotropy and/or solutions with ptgradients.

Second interpolation method uses the inverse distancentireggf SHE 68] of val-
uesU (xr) for all trianglesT” € T that havev; as a vertex. L&#(v;) be the collection
of these triangles. Then

|x7 —vi| !

U1 = Z U(XT) wT, wr [16]

TeU(vy) dorreuen) X = Vil

Note thatd < wr < 1. We shall use this fact later. The same interpolation method
are used for approximating.

1.2. Discrete system and its iterative solution

The substitution of flux [14] into equation [4] yields the tioear system:

A(C)C = F. [17]

To solve system [17] we use the Picard iterative method: sh@small value
Enon > 0 and initial vector/® € RN7 with positive entries{/? > 0,i = 1,..., N7,
and repeat fok = 1,2, ...,

1) solveA(UF-HU* = F,

2) stop if[A(URU* — F|| < gnon [|AU)U° — F|.
The linear system with non-symmetric mattixU*—1) is solved by the Bi-Conjugate
Gradient Stabilized (BCGStab) method. The BCGStab itenatare terminated when

the relative norm of the initial residual becomes smallentty;,,. Matrix A(U*~1)
has at mosfour non-zeros in each row.

It has been proved in [LIP 07] that if the collocation poin&fided by [5] then the
matrix A(U*~1) is monotone for any non-negative vectéf—!. The proof is based



on the fact that the choice afr, yields positiveA and A_ in [14] for any piecewise
constant diffusion tensor. Then the solutiéfi of A(U*~1)U* = F is a non-negative
vector and the next matrik(U*) is again monotone. Thereforiéi’,g > 0 for all  and
k.

2. Monotone nonlinear FV scheme on polygonal meshes

Construction of a nonlinear FV scheme on a polygonal mesimigas to that on
a triangular mesh. The main difficulty is to determine a posibf collocation point
inside each mesh cell such that the resulting system is ranaotFor the triangular
case it is proved that such points exist for any diffusiorsterand any geometry. For
general polygonal meshes such points exist only for a otstriclass of meshes and
diffusion tensors. We modify the scheme to relax some ofelstrictions.

Figure 2. Interval [v}; v}] containing the interior mesh edgewith end points/; and
vo. The collocation pointk, andx_ are marked by solid balls. The quadrilaterals
@+ and@_ are marked by dashed lines.



Let K be an isotropic or slightly anisotropic heterogeneousuditin tensor an@
be a conformal polygonal mesh composed\gf cells. We assume that the mesh is
composed ofhape-regular and star-shapeells in the following sense:

1) For each polygonal cel) € Q, we have

AQ) _ p

p(@Q

~— [ —

whered(Q) is the diameter of), p(Q) is the radius of maximal inscribed circle, and
R, is a constant independent of the mesh.

2) Each cell@ is star-shaped with respect to an interior paigf, i.e. any ray
emanating from this point intersects the bounda@yat exactly one point. If geometry
allows, we shall always placey at the center of mass ¢J.

Given a two-point flux formula [13] we may follow the path degbed in the pre-
vious section to get a nonlinear system [17]. In order to goi@e positivity of coef-
ficients in formula [13], we propose the following method.r éo edge: € &; with
end pointsv; andv,, we define a minimal interval’ = [v{; v4] containinge such
that

Kn. -n. >0 and Kn n,<0, i=12, [18]

Wherengt are outward normals to edges of polyggnx . v}, x_ as shown in Figure 2.
We may use formula [13] to calculate the flux density throagand associate this
flux density with the mesh edge The accuracy of such a modification depends on
the ratiole’|/|e| which is bounded for shape-regular polygonal meshes amibjso
heterogeneous tensors. The monotonicity of the mait(i&) for any non-negative
vectorU follows from [18].

The nonlinear FV method is monotone and conservative fatrarp triangular
meshes and arbitrary full tensor diffusion coefficientshds the four-point stencil
for triangular meshes and the five-point stencil for quatkilal meshes. It gives the
second-order convergence rate for the scalar unknown arfi$horder convergence
rate for the flux unknown in the case of smooth solutions. Theeffor these appealing
features is the method non-linearity. The extension of théthod for unstructured
tetrahedral meshes is proposed in [KAP 07].



3. Numerical results

e Test 1.1 Mild anisotropy, u(x, y) = 162(1 — 2)y(1 — y), min = 0, max = 1,
regular triangular mesh, mesh1

nunkw

i nnmat sumflux erl2 ergrad ratiol2 ratiograd
1 56 208 1.11e-15 4.05e-02 6.06e-01
2 224 864 -8.52e-15 1.30e-02 3.03e-01 1.64e-00 1.00e-00
3 896 3520 -2.54e-14 3.73e-03 1.51e-01 1.80e-00 1.00¢-00
4 | 3584 14208 -1.79e-14 1.01e-03 7.56e-02 1.88e-00 1.00e-00
5| 14336 57088 -2.79e-13 2.66e-04 3.78e-02 1.92e-00 1.00e-00
6 | 57344 228864 -1.87e-12 6.80e-05 1.89e-02 1.96e-00 1.00e-0
7 | 229376 916480 -5.42e-12 1.72e-05 9.43e-03 1.98e-00 DOOe-

ocvl2= 1.99¢ — 00, ocvgradl2= 1.00e — 00.

i erflx0 erflx1 erfly0 erflyl erflm umin umax

1| 1.26e-04 1.26e-04 1.26e-04 1.26e-04 2.71e-01 1.05e-015eD%

2 | 1.26e-04 5.19e-05 1.87e-05 9.24e-05 1.52e-01 2.94e-028e98

3| 3.68e-06 2.33e-05 3.16e-05 1.20e-05 8.96e-02 7.61e-037eD9

4 | 7.74e-06 6.39e-06 5.84e-06 7.19e-06 4.98e-02 1.92e-039eD9

5| 2.01e-06 4.08e-06 3.38e-06 1.32e-06 2.62e-02 4.82e-040e-DO

6 | 2.68e-07 1.94e-07 2.38e-07 2.24e-07 1.34e-02 1.20e-040e-DO

7 | 3.71e-07 2.63e-07 2.97e-07 4.05e-07 6.78e-03 3.01e-050e-DO

e Test 1.1 Mild anisotropy, u(x, y) = 162(1 — 2)y(1 — y), min = 0, max = 1,
coarse(C) and fine (F) distorted quadrangular meshesmesh4_1 and mesh4_2

grid nunkw nnmat  sumflux erl2 ergrad

C 289 1377 -1.81e-14 6.69e-02

F 1089 5313 -9.68e-14 2.64e-02
grid erflx0 erflx1 erfly0 erflyl erflm umin umax
C 153e-02 3.83e-02 5.18e-03 5.88e-02 7.33e-01 1.34e-021e400
F 7.08e-03 1.27e-02 2.91e-03 1.69e-02 2.29e-01 3.61e-084e+00

e Test 1.2 Mild anisotropy, u(x,y) = sin((1 — z)(1 —y)) + (1 — 2)3(1 — y)?,
min = 0, max = 1 + sin 1, regular triangular mesh, mesh1

i | nunkw  nnmat sumflux erl2 ergrad ratiol2 ratiograd

1 56 208 -1.60e-16 2.11e-02 2.53e-01

2 224 864 -8.78e-15 5.35e-03 1.26e-01 1.97e-00 1.01g-00
3 896 3520  -7.46e-16 1.32e-03 6.24e-02 2.01e-00 1.01e-00
4 | 3584 14208  3.78e-14 3.28e-04 3.11e-02 2.00e-00 1.00e-00
5| 14336 57088 -3.38e-14 8.16e-05 1.55e-02 2.00e-00 1.00g-00
6 | 57344 228864 4.41e-14 2.02e-05 7.75e-03 2.01e-00 1.00e-00
7 | 229376 916480 2.13e-13 4.92e-06 3.87e-03 2.03e-00 1M00e-0




ocvi2= 2.04e — 00, ocvgradi2= 1.00e — 00.

i erflx0 erflx1 erfly0 erflyl erflm umin umax
1| 2.22e-03 3.88e-02 3.71e-02 6.35e-02 2.16e-01 6.41e-039e408
2 | 1.29e-03 9.63e-03 1.16e-02 2.00e-02 1.29e-01 1.55e-030e406®
3 | 5.25e-04 2.38e-03 3.48e-03 5.93e-03 6.90e-02 3.84e-042e40D
4 | 1.82e-04 5.89e-04 1.02e-03 1.73e-03 3.50e-02 9.58e-058e40D
5| 5.86e-05 1.42e-04 2.89e-04 4.88e-04 1.78e-02 2.39e-051e40®
6 | 1.81e-05 3.36e-05 8.08e-05 1.36e-04 9.10e-03 5.98e-063e408®
7 | 5.76e-06 6.86e-06 2.19e-05 3.56e-05 4.48e-03 1.49e-063e408®

e Test 1.2 Mild anisotropy, u(x,y) = sin((1 — z)(1 —y)) + (1 — 2)3(1 — y)?,
min = 0, max = 1 + sin 1, locally refined non-conforming rectangular mesh,

mesh3
i | nunkw nnmat  sumflux erl2 ergrad ratiol2 ratiogr?d
1 40 184 5.55e-16  9.61e-03
2 160 768  -6.94e-17 2.80e-03 1.78e-00
3 640 3136 -2.69e-15 8.07e-04 1.79e-00
4| 2560 12672 -9.61le-15 2.39e-04 1.75e-00
5] 10240 50944 -3.58e-14 6.26e-05 1.93e-00
ocvl2= 1.93¢ — 00.
i erflx0 erflx1 erfly0o erflyl erfim umin umax
1| 9.11e-03 1.31e-02 1.47e-03 3.85e-02 2.07e-01 1.49e-026e+06
2 | 2.86e-03 1.75e-04 6.38e-04 1.21e-02 1.45e-01 3.71e-035e40D
3 | 7.14e-04 4.35e-04 1.39e-04 5.17e-03 7.41e-02 9.63e-049e+40D
4 | 1.57e-04 1.60e-04 8.35e-05 1.26e-03 3.55e-02 2.43e-042e40®
5| 3.56e-05 3.92e-05 2.50e-05 4.17e-04 2.02e-02 6.13e-053e40®

e Test 3 Oblique flow,min = 0, max = 1, uniform rectangular mesh, mesh2

Reference mesh is uniform rectangular mgsh x 256, h =3.90e-3.

i nunkw  nnmat sumflux umin umax

1 16 64 -1.53e-16 1.11e-01 8.88e-01
2 64 288 4.93e-16 5.20e-02 9.53e-01
3 256 1216 2.74e-16  2.22e-02 9.83e-01
4 1024 4992 -1.17e-15 9.14e-03 9.92e-01
5 4096 20224  4.15e-15 4.64e-03 9.96e-01
ref | 656536 326656 -2.55e-14 1.28e-03 9.99e-01




Figure 3. Solutions for the oblique flow on mesh2_i for i=2 (left), i=&=6ter), i=4

(right)
i flux0 fluxl fluyO fluyl enerl ener2 eren
1 | -1.71e-01 1.72e-01 -1.66e-01 1.65e-01 2.33e-01 1.99e-045edD1
2 | -1.89e-01 1.96e-01 -1.08e-01 1.01e-01 2.71e-01 2.69e-020e-03
3 | -1.92e-01 2.00e-01 -9.88e-02 9.09e-02 3.07e-01 3.08e-056ed3
4 | -1.94e-01 1.97e-01 -9.85e-02 9.56e-02 2.80e-01 3.0le-0Ble®2
5 | -1.95e-01 1.96e-01 -9.73e-02 9.61e-02 2.62e-01 2.78e-059e92
ref | -1.94e-01 1.94e-01 -9.79e-02 9.76e-02 2.45e-01 2.50e-0D4edD2

e Test 4 Vertical fault, min = 0., max = 1., non-conforming rectangular mesh,

meshb

Reference mesh is uniform rectangular maat x 320, h =3.12e-3.

i nunkw nnmat sumflux umin umax

1 105 503 2.53e-13 4.33e-02 9.58e-01

reg 400 1920 5.92e-13 1.99e-02 9.82e-01

ref | 102400 510720 2.41e-11 1.32e-03 9.99e-01
i flux0 flux1 fluyo fluyl enerl ener2 eren
1 | -4.32e+01 4.45e+01 -1.23e+00 2.32e-04 4.37e+01
reg | -3.99e+01 4.26e+01 -2.68e+00 8.01e-04 3.97e+01 4.10e+Q22e-B2
ref | -4.21e+01 4.44e+01 -2.33e+00 7.97e-04 4.32e+01 4.32e+092eD4

e Test 6 Oblique drain, min = —1.2, max = 0, coarse oblique meshnesh6

grid  nunkw nnmat  sumflux erl2 ergrad
C 210 988  -2.91e-13 1.35e-04
F 230 1128 -3.20e-14 1.57e-04
grid erflx0 erflx1 erfly0 erflyl erflm umin umax
C  6.22e-04 8.13e-05 1.85e-03 1.30e-03 6.38e-01 -1.15e+@41e-02
F  6.18e-04 8.39e-05 1.86e-03 1.29e-03 6.38e-01 -1.15e+@41e-02

10




Figure 4. Solutions for the vertical fault on a non-conforming reaatar mesh (left),

the square0 x 20 mesh (center), and the squad20 x 320 mesh (right)

e Test 7 Oblique barrier, min = —5.575, max = 0.575, coarse oblique mesh

mesh6
h nunkw nnmat  sumflux erl2 ergrad
3.29E-01 210 988 4.67e-14 4.98e-03
erflx0 erflx1 erfly0 erflyl erflm umin umax

1.75e+00 1.67e+00 2.36e-02 1.0le-02 7.09e+00 -5.54e+0G@7e-B1

e Test 8 Perturbed parallelograms,min = 0, perturbed parallelogram mesh

mesh8

nunkw nnmat  sumflux umin umax
121 534 -2.22e-16  3.05e-15 9.42e-02

flux0 fluxl fluyO fluyl
0.00e+00 0.00e+00 4.99e-01 5.01e-p1

4.14e-15 1.83e-14 1.29e-11 7.76e-08 2.60e-05 9.12e-03 2eR8 1.46e-08 1.42e-10 5.80e-13
1.28e-14 5.33e-14 3.69e-11 2.06e-07 9.02e-05 2.69e-02 8ed®S 3.82e-08 4.10e-10 1.97e-12
1.95e-14 9.36e-14 6.31e-11 2.86e-07 1.19e-04 4.48e-02 5eD4 6.42e-08 8.29e-10 3.29e-12
2.91le-14 1.35e-13 9.30e-11 4.73e-07 1.25e-04 6.43e-02 5eD2 1.03e-07 1.06e-09 4.04e-12
3.23e-14 1.22e-13 1.14e-10 4.53e-07 1.37e-04 7.8%e-02 5eD3 1.22e-07 1.42e-09 6.61e-12
3.62e-14 8.89%e-14 1.02e-10 4.56e-07 1.30e-04 9.42e-02 4eDO 1.86e-07 1.65e-09 6.01e-12
4.22e-14 6.88e-14 1.20e-10 3.34e-07 8.89e-05 8.19e-02 2e-DO 2.44e-07 1.47e-09 5.80e-12
2.71e-14 6.99e-14 1.26e-10 2.55e-07 8.50e-05 6.42e-02 3eDO 3.17e-07 1.04e-09 6.00e-12
1.51e-14 8.62e-14 8.04e-11 2.22e-07 1.00e-04 4.68e-02 2e8®3 2.73e-07 9.09e-10 6.13e-12
9.55e-15 3.60e-14 4.56e-11 1.39e-07 1.09e-04 2.55e-02 9e48 1.54e-07 5.53e-10 4.76e-12
3.05e-15 1.08e-14 1.51e-11 5.46e-08 3.27e-05 9.15e-03 2eDF 5.99e-08 1.67e-10 1.33e-12

Values of discrete solution obtained on mesh8l(1 x 11).

7.75e-.
2.17e-!
1.70e-!
1.66e-:
1.40e-!
1.32e-!
1.05e-!
9.07e-!
5.89%-
3.37e-.
1.26e-.

PERPRPOWOWWWN

e Test 9 Anisotropy with wells ,min = 0, max = 1, square uniform meshmesh9

nunkw nnmat  sumflux umin umax
119 539 1.80e-16 1.83e-02 1.01e+Q0

11
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Figure 5. Solution for anisotropic problem with wells.

7.01e-02 9.35e-02 1.93e-01 4.19e-01 7.21e-01 9.20e-01 le00 1.01e+00 1.01e+00 1.01e+00 1.01e+00
6.37e-02 7.07e-02 1.38e-01 3.03e-01 6.26e-01 8.63e-01 4e@8 1.01e+00 1.01e+00 1.01e+00 1.01e+00
6.18e-02 5.97e-02 8.13e-02 2.01e-01 5.19e-01 7.98e-01 7e@B 1.00e+00 1.01e+00 1.01e+00 1.01e+00
6.43e-02 5.26e-02 4.49e-02 1.03e-01 4.11e-01 7.25e-01 le®@n 9.92e-01 1.01e+00 1.01e+00 1.01e+00
7.25e-02 5.44e-02 2.45e-02 2.48e-02 3.00e-01 6.14e-01 5e@1 9.87e-01 1.00e+00 1.01e+00 1.01e+00
8.17e-02 6.81e-02 3.41e-02 1.24e-01 4.68e-01 8.33e-01 0e40D 1.01e+00 1.01e+0

8.83e-02 8.36e-02 7.47e-02 1.84e-02 6.74e-02 3.29e-01 8e®5 9.71e-01 1.00e+00 1.00e+00 1.01e+00
9.05e-02 8.75e-02 8.59e-02 4.12e-02 5.74e-02 2.50e-01 2e®B 8.54e-01 9.62e-01 9.98e-01 1.01e+00

9.11e-02 8.93e-02 8.60e-02 5.91e-02 5.87e-02 1.89e-01 0Oed2 7.32e-01 8.95e-01 9.80e-01 1.00e+00
9.15e-02 9.05e-02 8.81e-02 6.76e-02 6.26e-02 1.43e-01 9e-®B 6.07e-01 8.28e-01 9.42e-01 9.86e-Q1
9.16e-02 9.10e-02 9.09e-02 7.39e-02 6.33e-02 1.09e-01 8eDB 5.06e-01 7.42e-01 8.95e-01 9.69e-Q1

Values of discrete solution obtained on mesh9l(1 x 11).

4. Comments on the results

Test1.1,1.2

— Triangular meshes (1.1, 1.2) — solution satisfies disareigimum principle,
the second order of convergence. The discrete gradientidslated based on the
prolongation of the discrete flux function using the lowestes Raviart-Thomas basis
function. The first order of convergence for the discretelgnat.

— Distorted quadrangular meshes (1.1) — positivity digcsetiution, small over-
shoots.

— Locally refined non-conforming rectangular mesh (1.2) ltgan satisfies dis-
crete maximum principle, second order of convergence.

Test 2. The main property of the method is to preserve positivityhaf $olution.
The method is applicable to the problems that result in algelsystems with positive
right hand side and positive solutions, otherwise nonliriegation may diverge. It
happens in this test.

Test 3, 4.The discrete solution satisfies the discrete maximum goiacin order
to obtain enerl the discrete gradient function should beutatied. The discrete gra-
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dient function is not involved in the discretization so wedeadditional and artificial
procedures to calculate it. There are two options. In the cdsonformal quadrilat-
eral mesh we can prolongate the flux function inside a cefigiRiaviart-Thomas basis
functions. The main disadvantage of this approach cont$istéact that in order to
calculate the discrete gradient we need to multiplykby!. If K is highly anisotropic
it results in large errors for the discrete gradient. Thiectfis observed in Test 3.
Following the second approach we can calculate the disgratient using degrees of
freedom at collocation points and their interpolation atiges, but the errors of inter-
polation procedures will significantly affect on the valdenerl. In Test 3 the results
obtained by the second approach are presented. In Testdevirangart-Thomas basis
functions to calculate ener1.

Test 5. See comments for Test 2. Moreover, the generalization ofrsiod for
quadrilateral meshes works in case of isotropic or sliguigotropic diffusion tensor.
Otherwise an artificial edge extention can be large and ihdtecally affects on the
convergence. In this test edge extentions are about 15.

Test 6. Since solution is negative the method is applied to the problith a
solutiona(x) = —u(x) and then multiplied by-1.

Test 7. Since solution is negative the method is applied to the problith a
solutiont(z) = u(x) + 5.575 and then subtract.575.

Test 8. The discrete solution is non-negative.

Test 9. The discrete solution is non-negative. Small overshoobiseored, see
Figure 6.
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